In the paper, problems of controllability, approximate controllability, reachability and approximate reachability are studied for the control system
Introduction
Consider the heat equation on a half-axis w t = w xx , x ∈ (0, +∞), t ∈ (0, T ), (1.1) controlled by the boundary condition w(0, ·) = u, t ∈ (0, T ), (1.2) under the initial condition w(·, 0) = w 0 , x ∈ (0, +∞), (1.3) and the seering condition w(·, T ) = w T , x ∈ (0, +∞), (1.4) where T > 0, u ∈ L ∞ (0, T ) is a control, . In the paper, we study reachability and controllability problems for the heat equation on a half-axis. Note that these problems for the heat equation on domains bounded with respect to spatial variables were investigated rather completely in a number of papers (see, e.g., [3, 10, 12] and references therein). However controlability problems for the heat equation on domains unbounded with respect to spatial variables were not fully investigated. These problems for this equation were studied in [1, 2, 8, 9, 11] . In particular, in [9] , null-controllability problem for control system (1.1)-(1.3) with L 2 -control (u ∈ L 2 (0, T )) was investigated in a weighted Sobolev space of negative order. Using similarity variables and developing the solutions in the Fourier series with respect to the orthonormal basis {φ m } ∞ m=1 , the authors reduced the control problem to a moment problem where φ m (y) = C m H 2m−1 (y/2)e −y 2 /4 , H 2m−1 is the Hermit polynomial, α m is determined by the Fourier coefficient of the initial state of reduced control problem, m = 1, ∞. The solution to the moment problem determines a solution to the control problem and vice versa. The authors proved that the moment problem admits L 2 -solution iff α m grows exponentially as m → ∞. In particular, they proved that if α m = O(e mδ ) as m → ∞ for all δ > 0, then the initial state associated with {α m } ∞ m=1 cannot be steered to the origin by L 2 -control. In [9] , it was also asserted that each initial state is approximately null-controllable in a given time T > 0 by L 2 -controls.
In the present paper, we study control system (1.
. Note that L ∞ -controls allow us consider initial states and solutions of the control system in the Sobolev space of order zero in contrast to [9] , where the system was studied in a weighted Sobolev space of negative order as a result of using of L 2 -controls. In Section 3, considering the odd extension with respect to x of the initial state and the solution to (1.1)-(1.3), we reduce this system to control system (3.1), (3.2) in spaces H m of all odd functions of H m . Further control system (3.1), (3.2) is considered instead of control system (1.1)-(1.3). In Section 4, we obtain necessary and sufficient condition for an end state W T be reachable, using controls u ∈ L ∞ (0, T ) bounded by a given constant L > 0, from the origin. This reachability problem is reduced to an infinite Markov power moment (Theorem 4.4). Moreover, it is proved that the solutions to the finite Markov power moment problem give us control bounded by L and solving the approximate reachability problem (Theorem 4.5). The result of this theorem is illustrated by Examples 8.1 and 8.2 of Section 8. In Section 5, we prove that each end state W T ∈ H 0 is approximately reachable from the origin, using controls u ∈ L ∞ (0, T ), in a given time T > 0 (Theorem 5.2). To prove this theorem, we develop W T in Fourier series with respect to {ψ T n } ∞ n=0 , ψ T n (x) = H 2n+1 (x/ √ 2T )e −x 2 /(4T ) , n = 0, ∞. First, for each n = 0, ∞, we find a sequence of controls {u n l } ∞ l=0 that solves approximate reachability problem for the end state ψ T n . We use the Fourier transform with respect to x and find these controls from the relation
Note that u n l → δ (n) as l → ∞ in D for each n = 0, ∞ (δ is the Dirac distribution). Then we find controls u N , N ∈ N, solving the approximate reachability problem, in the form
The results of this section are illustrated by Example 8.3 of Section 8. In Section 6, using Theorem 3.1 of [9] , we prove that there is no initial state W 0 ∈ H 0 that is null-controllable, using controls u ∈ L ∞ (0, T ), in a given time T > 0. In Section 7, from Theorem 5.2 of Section 5 it immediately follows that each initial state W 0 ∈ H 0 is approximately controllable to any end state W T ∈ H 0 , using controls u ∈ L ∞ (0, T ), in a given time T > 0.
Notation
Introduce the spaces used in the paper. For m = 0, 1, 2, denote
with the norm
, and H −m = (H m ) * with the strong norm · −m of the adjoint space. We have
.
Evidently, H −n = (H n ) * .
By F : H −2 → H −2 , denote the Fourier transform operator with the domain H −2 . This operator is an extension of the classical Fourier transform operator being an isometric isomorphism of L 2 (R). The extension is given by the formula
This operator is an isometric isomorphism of H m and
By H n , denote the subspace of all odd distributions in H n , n = −2, 2. Evidently, H n is a closed subspace of H n , n = −2, 2.
Note that, for ϕ ∈ H m 0 , its odd extension ϕ(·) − ϕ(−(·)) belongs to H m , m = 0, 1, 2. But, for m = 1, 2, the converse assertion is not true. That is why the odd extension of a distribution f ∈ H −m 0 may not belong to H −m , m = 1, 2. However the following theorem holds.
can be extended to the odd distribution F , and F ∈ H −2 . This distribution is given by the formula
where δ is the Dirac distribution.
Preliminary
Consider control problem (1.1)-(1.3). Let W 0 and W (·, t) be the odd extensions of w 0 and w(·, t) with respect to x, t ∈ [0, T ]. If w is a solution to problem (1.1)-(1.3), then W is a solution to the following problem
according to Theorem 2.1.
δ is the Dirac distribution with respect to x. The converse assertion is also true: if W is a solution to (3.1), (3.2), then its restriction w = W | (0,+∞) is a solution to (1.1)-(1.3) and
(see below (3.10)). Evidently, (1.4) holds iff
holds where W T is the odd extension of w T . Consider control problem (3.1), (3.2) .
We have
Therefore,
is the unique solution to (3.5), (3.6). Since u ∈ L ∞ (0, T ), we have
, we obtain
Since for any t ∈ (0, T ] the function
is odd and continuous, we obtain e
, we get
According to Lebesgue's dominated convergence theorem, we get 
Reachability
Definition 4.1. For control system (3.1), (3.2), a state W T ∈ H 0 is said to be reachable from a state W 0 ∈ H 0 in a given time T > 0 if there exists a control u ∈ L ∞ (0, T ) such that there exists a unique solution to (3.1), (3.2), (3.4).
By R T (W 0 ) denote the set of all states W T ∈ H 0 reachable from W 0 in the time T .
According to (3.9), we have
in particular,
First, we study R T (0). Denote also
Evidently, the following theorem holds Theorem 4.2. We have
We can obtain the following necessary condition for f to belong to R L T (0).
Proof. Using (4.3), we have
Theorem 4.4. Let W T ∈ H 0 and (4.4) holds. Let
We see that V T (σ) is an odd entire function. Therefore,
we conclude the assertion of the theorem.
Proof. By W N denote the solution to problem (3.1), (3.2) with W 0 = 0 and
Then, V N is the unique solution to (3.5), (3.6) with V 0 = 0 and the same u. Evidently,
For n = 0, ∞, we have
Therefore, using the Stirling formula: √ 2πn
we get
2T * e 2n + 1 = 0, we can continue V T to an odd entire function. Hence
Due to (3.8), we get
Hence,
According to (3.7), we get
Due to (4.8), we obtain
With regard to (4.12) and using (4.11), we get
Therefore, for |σ| ≤ a,
as N → ∞. Taking into account (4.17), we get
With regard to (4.9), (4.15) and (4.18), we obtain
The last theorem is illustrated by examples in Section 8 (see Examples 8.1 and 8.2).
Approximate reachability
Definition 5.1. For control system (3.1), (3.2), a state W T ∈ H 0 is said to be approximately reachable from a state W 0 ∈ H 0 in a given time T > 0 if W T ∈ R T (W 0 ), where the closure is considered in the space H 0 .
In other words, a state W T ∈ H 0 is approximately reachable from a state W 0 ∈ H 0 in a given time T > 0 iff for each ε > 0 there exists u ε ∈ L ∞ (0, T ) such that there exists a unique solution W to (3.1), (3.2) with u = u ε and W (·, T ) − W T 0 < ε. 
First we consider an orthogonal basis in
2 , x ∈ R, n = 0, ∞, where
is the Hermite polynomial, [·] is the integer part of a real number. It is well known [7] that
where δ mn is the Kronecker delta, and {ψ n } ∞ n=0 is an orthogonal basis in L 2 (R). It is easy to see that
According to (5.1),we get
Obviously, {ψ T n } ∞ n=0 and { ψ T n } ∞ n=0 are orthogonal bases in H 0 . Therefore, for f
where
Consider also the operator Φ T :
Evidently,
Taking into account (3.7), we obtain that W T ∈ R T (0) iff have
and ϕ l n → ϕ n as l → ∞ a.e. on R. According to Lebesgue's dominated convergence theorem, we get
Due to (5.4), for each ε > 0 there exists N ∈ N such that
and denote
Then, 9) where
Taking into account (5.8), we get
By using (4.11), we obtain
is increasing with respect to n, we conclude that
According to (5.11), we get
Taking into account (5.10), we have
Taking into account (5.9), we conclude that
With regard to (5.13) and (5.5), we get
Remark 5.3. The controls
found in the proof of Theorem 5.2 solve the approximate reachability problem for system (3.1), (3.2). Here u p l N p is defined by (5.6), h n p is defined by (5.8) and ω n , n = 0, ∞, are the coefficients of decomposition of W T with respect to the basis {ψ T n } ∞ n=0 .
Corollary 5.4. Each state W T ∈ H 0 is approximately reachable from any state W 0 ∈ H 0 in a given time T > 0.
Controllability
Definition 6.1. For control system (3.1), (3.2), a state W 0 ∈ H 0 is said to be null-controllable in a given time T > 0 if 0 ∈ R T (W 0 ).
In other words, a state W 0 ∈ H 0 is null-controllable in a given time T > 0 iff there exists u ∈ L ∞ (0, T ) such that there exists a unique solution W to (3.1), (3.2) and W (·, T ) = 0. Proof. Find u ∈ L ∞ (0, T ) such that there exists a unique solution to (3.1), (3.2) and W (·, T ) = 0.
Let m = 0, ∞ be fixed. We have (see (5.8))
where T = ln We have
Thus, U * ∈ L 2 (0, T * ) and (6.6), (6.7) hold. Due to [9, Theorem 3.1, b)], we obtain ν * m = 0, m = 0, ∞, i.e., V 0 = W 0 = 0. In other words, a state W 0 ∈ H 0 is approximately controllable to a target state W T ∈ H 0 in a given time T > 0 iff for each ε > 0 there exists u ε ∈ L ∞ (0, T ) such that there exists a unique solution W to (3.1), (3.2) with u = u ε and W (·, T ) − W T 0 < ε.
Approximate controllability
Taking into account Theorem 5.2, one can see that the following theorem holds.
Theorem 7.2. Each state W 0 ∈ H 0 is approximately controllable to any target state W T ∈ H 0 in a given time T > 0.
Examples
The following two examples illustrates the results of Theorem 4.5.
, where v N is the solution to (4.8) for N = 2P − 1, P ∈ N. We use the algorithm given in [6] to find v N in the form
By W N we denote the value at t = T of the solution to (3.1), (3.2) with the control u = u N . Influence of controls u N , N = 3, 5, 7, 15, on the end states of solutions W N is given in Figure 8 .1.
, where v N is the solution to (4.8) for N = 2P − 1, P ∈ N. We use the algorithm given in [6] to find v N in the form (8.1). By W N we denote the value at t = T of the solution to (3.1), (3.2) with the control u = u N . Influence of controls u N , N = 3, 5, 7, 15, on the end states of solutions W N is given in Figure 8 .2.
The following example illustrates the result of Theorem 5.2.
. Consider the reachability problem for system (3.1), (3.2) with W 0 = 0. Denote .
